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Abst rac t - - -The  object of the present paper is to derive several properties of a certain class of 
multivalent functions in the open unit disk. One of our main theorems unifies and extends everal 
earlier esults in the theory of analytic functions. 
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1. INTRODUCTION 
Let A(p, n) be the class of functions f(z) of the form: 
f(z)=zP+ ~ akz k, (p, neN:={1,2 ,3 , . . .} ) ,  (1.1) 
k=p-{-n 
which are analytic in the open unit disk 
U={z:zeCand [z I <1}.  
A function f ( z )  in A(p, n) is said to be in the class A(p, n, c~) if it satisfies the inequality: 
z f"(z) \ (z • u; ~ > p). (1.2) 
1 + / ' (z)  J < ~' 
See [1,2] for examples of various other classes of univalent and multivalent functions. 
For p = 1 and n = 1, the following results are known. 
THEOREM A. (See [3].) I l l ( z )  • ,4 (1,1,3/2) ,  then 
~( z y'(z) / >0, ( z•u)  i13) 
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THEOREM B. (See [4].) I[ f (z )  • ~4 (1,1,3/2), then 
f z f'(z) } 1 + x/3 1.366 (1.4) 
0<~[  f (z )  < ~ - """ 
THEOREM C. (See [5]0 I f  [ (z)  • .A (1,1,3/2), then 
__ fz / ' (z ) /  4 
0 < N k ~ ~ )  ~ < ~ = 1.333 . . . .  (1.5) 
In the present paper, we derive several properties of the general class A(p, n, a). One of our 
main results (Theorem 2 below) contains each of the above theorems in the special case when 
3 
p=l ,  n=l ,  and a=2.  (1.6) 
2. A PROPERTY OF THE CLASS A(p, n, a) 
In order to prove one of our main results for functions in the class .A(p, n, a), we shall make 
use of the following lemma. 
LEMMA 1. (See [6].) Let ¢(u, v) be a complex-valued [unction such that 
¢ : D --* C (D C C × C; C is the complex plane), 
and let 
u = Ul + iu2 and v -- Vl -f- iv2. 
Suppose that the [unction ¢(u, v) satisfies each of the [0110wing conditions: 
(i) ¢(u, v) is continuous in D; 
(ii) (1, O) C D and N{¢(1,0)} > 0; 
(iii) for ali (iu2,VX) E D such that vx <_ -(1/2)n(1 + u2), ~R{¢(iu2,vlO} <_O. 
Let 
q(z) = 1 + qnz '~ + qn+xZ n+l q- ... 
be regular in bl such that (q(z), zq'(z)) • D (z • hi). I f  
{¢ (q(z), zV(z))} > 0, (z • u), 
then 
{q(z)} > 0, (z • u).  
By applying Lemma 1, we now prove Theorem 1. 
THEOREM 1. I /  
f (z )  e A(p, n, (~), (p  < 
1) 
a<_p+-~n , 
then 
f(z) } 2p+ n 
~ > (2a+n)  p' 
(z • U). 
PROOF. We define the function q(z) by 
(2.1) 
f(z) 
zf,(z) .)./z, /3 := 2p+n ) (2a + n) p " (2.2) 
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Then, clearly, the function 
q(z) = 1 + qn z '~ + qn+l zn+l q- "'" 
is regular in b/. 
Since 
we have 
zf ' (z)  1 
f(z) /3 -t- (p-1 _/3) q(z)' 
z f " (z )  1 (p-1 _/3) zqt(z) 
1+ --- 
if(z) /3 + (p-1 _/3) q(z) 13 + (p-1 _/3) q(z)" 
It follows from the hypothesis f(z) • A(p, n, c~) that 
(2.3) 
(2.4) 
, {o_ (, } __ ,{o_ 
>0.  
/3 + (p-~ -/3) q(z) 
(p-~ -/3) zq'(z) ) 
+ ~7-(p~ =/3) q(~) (2.5) 
Let 
Note that 
(i) 
(ii) 
(iii) 
1 (p-~ -/3)~ 
¢(u,  v) = ~ - + 
/3 _}_ (p -1 - - /3 )U  /3 + (p -1 - /3 )U"  
¢(u, v) is continuous in D = (C - {/3/(/3- p- l )})  x C, 
(1,0) • D and N{¢(1,0)} = a -p  > 0, 
for all (iu2,v 0 • D such that vl _< - (1 /2)n(1  + u~), 
/3 /3(p-1 _/3) Vl 
~t {¢(iu2, Vl)} = ~ - 92 + (p-1 _/3)2 u~ +/32 + (p-~ _/3): ~ 
/3 /3n(p -1 -/3)(1 + u~) ~Ct- -  
/32 + (p-1 _ /3)2U22 2 [/32 + (p-1 _ /3)2 U~] 
= 2(~-p) (2v+~-2~)  ~ 
p2(2c~ + n) 
<_ 0, 
(2.6) 
by the hypothesis p < a < p + (1/2)n. 
Lemma 1. 
This shows that 
that is, that 
Therefore, ¢(u,v) satisfies the conditions of 
~{q(z)} > 0, (z • u), 
2p+ n :(z) >/3_ 
[ z y'(z) J (2~+n)p  
This evidently completes the proof of Theorem 1. 
(z • U). 
3, APPL ICAT IONS AND FURTHER RESULTS 
If we take a = p + (1/2)n in Theorem 1, then we obtain Corollary 1. 
COROLLARY 1. I l l (z)  E A(p,n,p + (1/2)n), then 
~{ f(z) } 2p+n (zeU) .  
> 2p(p + n)' (3.1) 
Next we prove Theorem 2. 
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THEOREM 2. I f  
f(z) • A(p, n, a), 
then 
( ') p<a<_p+~n , 
PROOF. Since 
0< ~{zy(z)~ (2~ +n)p (z • u). 
f ( z )  J < 2p+ n ' 
2p+ n 
> o, (z • u) 
(2a + n)p  
{ f ( z )  
for f ( z )  • ,A(p, n, a), by Theorem 1, we have 
(3.2) 
.. . .s,(z) t z s,(z) j s(.) o < ~l  ~--~--~ J = 
1 
< , (z • u ) ,  
2p+ n 
which proves assertion (3.2) of Theorem 2. 
Lett ing a = p + (1/2)n in Theorem 2, we have Corollary 2. 
COROLLARY 2. I l l ( z )E  A(p ,n ,p+ (1/2)n),  then 
z f'(z) ~ 2p(p + n) (z e u). (3.3) 
0<~( f (z )  J<  2p+n ' 
In its further special case when p = n = 1, Corollary 2 would obviously ield Theorem C (and 
hence, also Theorem A and Theorem B). 
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